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ABSTRACT
In this study, it was aimed to adjust some probability distributions
to describe survival time in HIV/AIDS patients in Mato Grosso do
Sul, Brazil, followed between 2009 and 2018. In the distributions
discussed, it was necessary to implement parameters to model
“zero” survival times (zero inflation) and the long duration times
(cure rate). Based on Akaikes Criterion, the Kumaraswamy Gen-
eralized Gamma distribution was the best fit to the data, and was
then used in a regression model that contained the explanatory
variables: sex, race, and education. Based on this adjustment, fe-
male gender, white race, and education of more than eight years
were associated with longer survival time. Based on these in-
terpretations, one can discuss the need for HIV prevention and
early diagnosis policies focused on specific groups associated
with lower survival.

Keywords: Survival analysis, Censored data, Zero-inflated mod-

els, Long-term survival models.

RESUMO
Neste trabalho, objetivou-se ajustar algumas distribuições de pro-
babilidade para descrever o tempo de sobrevida em pacientes
com HIV/AIDS no Mato Grosso do Sul, Brasil, acompanhados en-
tre 2009 e 2018. Nas distribuições abordadas, fez-se necessária
a implementação de parâmetros para modelar os tempos “zera-
dos” (inflação de zeros) e os de longa duração (fração de cura).
Com base no Critério de Akaike, a distribuição Kumaraswamy
Gama Generalizado foi a que melhor se ajustou aos dados, e
então foi utilizada em um modelo de regressão que continha as
variáveis explicativas: sexo, raça e escolaridade. Baseado nesse
ajuste, o sexo feminino, a raça branca, e a escolaridade supe-
rior a oito anos foram associados a um maior tempo de sobre-
vida. Com base nessas interpretações, pode-se discutir a neces-
sidade de políticas de prevenção e diagnóstico precoce de HIV
focadas para grupos específicos associados à menor sobrevida.

Palavras-chave: Análise de sobrevivência, Dados censurados,

Modelos inflacionados de zeros, Modelos de longa duração.
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INTRODUCTION

Human immunodeficiency syndrome (AIDS) is a
chronic disease, being the third stage of human immun-
odeficiency virus (HIV) infection, which has been present
in Brazil since the 1980s. According to Brito, Castilho e
Szwarcwald (2001), initially the disease was present in
large urban centers and affected mainly male homosexu-
als and hemophiliacs. According to Melo, Almeida e Don-
alisio (2021), the epidemiological profile of HIV infection
has undergone changes over the decades, no longer be-
ing mostly concentrated in large urban centers, spread-
ing this way to countryside municipalities. Besides the dis-
semination to small and medium-sized municipalities, the
involvement of more socially vulnerable populations and
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Table 1 – Probability distributions considered for the data fits.

Model Probability density function Author
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Paranaíba et al. (2013)

Exponentiated
Power
Generalized
Weibull (EPWG)

f(t) = αβλγtγ−1 (1 + λtγ)α−1

× exp [1 − (1 + λtγ)α]
{1 − exp [1 − (1 + λtγ)α]}1−β

Pena-Ramirez et al. (2018)

Where: B(α, β) = Γ(α)Γ(β)/Γ(α + β) (Beta function), such that Γ(z) =
∫ ∞

0 tz−1e−tdt (Gamma function) and
γ1(k, x) = γ(k, x)/Γ(k) =

(∫ x

0 wk−1e−wdw
)

/Γ(k).

the growing number of women infected by the virus are
marks of the changes that have occurred over time in the
country (CANDIDO et al., 2021).

An exploratory analysis of spatial data on AIDS
incidence for each Brazilian state between the years 1992
and 2017 is presented by Ribeiro, Fonseca e Pereira
(2019), allowing to observe the evolution of the incidence
rate of the disease over the years. According to the au-
thors, even though the epidemic is more evenly distributed
throughout the country in current times, there is still con-
siderable incidence in the states of Rio de Janeiro, Santa
Catarina, and Rio Grande do Sul, and the Northern region
has become part of the epidemic’s areas of concentration.

According to data from the 2020 Epidemiological

Bulletin of HIV/AIDS, (BRASIL, 2020), in Brazil, between
2007 and June 2020, a total of 342,459 cases of HIV infec-
tion, of which 44.4%, 20%, 19%, 9% and 7.6% belong to
the Southeast, South, Northeast, North and Center-West
regions, respectively.

Survival analysis consists of the area of Statis-
tics responsible for studying the time until the occurrence
of a certain event of interest. In this context, several pa-
pers can be found in the literature analyzing HIV/AIDS
data as in Colosimo e Vieira (1996), Melo, Donalisio
e Cordeiro (2017), Medeiros et al. (2017), Zaslavsky,
Goulart e Ziegelmann (2019), Müller e Borges (2020),
Melo et al. (2021), and several others. However, most
papers using data in this context, start from a semi-
parametric approach through the Cox (1972) regression

Bueno, M. V. , Rossi, R. M. , Peres, M. V. O. 2
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Figure 1 – TTT-plot and Kaplan-Meier estimated survival function, respectively.
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model, without the need to assume of a probability distri-
bution for the response variable.

Although scarcer, some work on survival anal-
ysis in the parametric context involving HIV/AIDS data
can be seen in Nakhaee e Law (2011), Pascoa, Ortega e
Cordeiro (2011), Million (2018) and Bueno e Rossi (2021).

Also in the context of survival analysis, there may
exist within the population under study a proportion of indi-
viduals who are not likely to present the event of interest,
so that common probabilistic models are not able to esti-
mate this proportion of individuals. Thus, it is necessary
to use models with a cure rate, where these are usually
immune or cured of the outcome of interest. Martinez et
al. (2013), Peres, Santos e Oliveira (2020), Moraes, Prev-
idelli e Silva (2021), among others, are examples of works
using this approach.

Another situation, not so common in practice, is
the occurrence of observations of null times (or zeros)
and, in high frequency, are called zero-inflated data, and it
is then necessary to use distributions that accommodate
such a situation, as observed in Hashimoto (2013), Júnior,
Moreira e Louzada (2017), Calsavara et al. (2019), among
others.

In this context, the objective of this work was to
perform parametric modeling, considering different distri-
butions for the response of survival time of HIV/AIDS pa-
tients, in the presence of cure rate and zero inflation for
fitting the model to the data.

MATERIAL AND METHODS

According to Carvalho et al. (2011), survival
analysis is a branch of Statistics used when time is the ob-
ject of interest, which can be interpreted as the time until
the occurrence of an event of interest or the risk of occur-
rence of an event of interest for a given unit of time. Sur-
vival, hazard, and cumulative hazard functions are some
characteristic functions in this area of study, so a discus-
sion of these can be seen in Lee e Wang (2003). The
distinction between commonly seen statistical techniques
and those employed in survival analysis lies in the pres-
ence of what is referred to as “censoring”. Censoring data
occurs when the information regarding failure time is in-
complete for all individuals under study. Censoring can be
right-censoring (failure events occur after the end of the
study or are unknown) or left-censoring (failure events oc-
cur before the start of the study). Survival analysis is ca-
pable of handling these censoring situations and utilizing
the available partial information.

Colosimo e Giolo (2006), suggest initially per-
forming a descriptive analysis of the data by estimating
the survival function, and from there, estimate the other
statistics of interest. There are several techniques for es-
timating the survival function in the presence of censored
data, however, the most usual is through the Kaplan-Meier
estimator (or product-limit estimator). Proposed by Kaplan
e Meier (1958), the estimator is defined as:

Ŝ(t) =
∏

j:tj <t

(1 − dj/nj),

so that dj is the number of failures and nj the number
of individuals at risk at each time tj . An important mea-
sure to describe survival data with censoring is the re-
stricted mean survival time (RMST). According to Kim,

Bueno, M. V. , Rossi, R. M. , Peres, M. V. O. 3
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Table 2 – Descriptive summary for the explanatory variables.

Variables Classes Frequency % Censoring (%) Zeros (%) RMSTse

Sex Male 3,004 63.14 89.04 1.70 460.25 (3.19 )
Female 1,754 36.86 90.25 1.48 471.27 (3.66)

Race White 2,094 44.01 90.97 1.24 473.78 (3.22)
Non-white 2,664 55.99 88.32 0.98 456.80 (3.44)

Education (in years) > 8 2,008 42.20 93.38 1.10 483.62 (3.21)
≤ 8 2,750 57.80 86.65 2.00 452.39 (3.36)

RMSTse: restricted mean survival time and standard error.

Uno e Wei (2017), RMST is a widely recognized but often
overlooked measure that represents the average duration
of event-free survival up to a specific, clinically significant
time point. It can be understood as the area under the
Kaplan-Meier curve from the beginning of the study up to
that particular point. The difference in RMST indicates the
increase or decrease in event-free survival time attributed
to the treatment compared to the control group within this
timeframe.

Probabilistic models in survival analysis start
from the assumption that the response variable follows
a probability distribution. These models provide a statis-
tical framework for understanding the underlying proba-
bility distribution of survival times and capturing the dy-
namic nature of event occurrence. By incorporating co-
variates and time-dependent factors, probabilistic models
allow for the estimation of survival probabilities and haz-
ard rates over time. They also enable the assessment of
the impact of various risk factors on survival outcomes.
With their ability to handle censored data and account
for time-varying covariates, probabilistic models offer valu-
able insights into the prediction, understanding, and inter-
pretation of survival data in diverse fields such as medi-
cal research, epidemiology, and social sciences. The total
time-to-test plot (TTT-plot), originally proposed by Barlow
e Campo (1975) and generalized by Aarset (1985), allows
the shape of the hazard function to be identified, making
it possible to consider models best suited to the data in
question. Table 1 shows the distributions considered in
this study.

It is known that these originally do not have sup-
port for observations of time equal to 0 and therefore, sta-
tistical analyses on data characterized by the presence of
excess zeros are performed using the inflated models, as
presented in Hashimoto (2013). Considering T a random
variable representing the time until the occurrence of the
event of interest, with excess or inflation of zeros, accord-
ing to Calsavara et al. (2019), the survival function is given
as follows:

S(t) = (1 − p0)S0(t),

where 0 < p0 < 1 is the parameter that models the pro-
portion of zero times and S0(t) is the of eigen-survival.

Thus, the probability density function f(t) is
given as follows:

f(t) =

{
p0, if t = 0

(1 − p0)f0(t), if t ̸= 0.

Cure rate survival models can be used to model
survival data where observations have a long survival
time, so this happens when part of the individuals do not
receive the event of interest, or it is not observed dur-
ing the study time. In this approach, it is assumed that
the population under study is composed of individuals
who are susceptible to experiencing the event of interest,
as well as individuals who are not susceptible (MALLER;
ZHOU, 1996).

In this approach the population survival function
is given by the standard mixture model:

S(t) = p1 + (1 − p1)S0(t),

where 0 < p1 < 1 is the proportion of individuals who are
not susceptible to the occurrence of the event of interest
(cure rate), and S0(t) is the eigen-survival function.

According to Júnior, Moreira e Louzada (2017),
considering models that address both zero inflation and
cure rate, their survival and probability density functions
are defined, respectively by:

S(t) = p1 + (1 − p0 − p1)S0(t)

and

f(t)

{
p0, if t = 0

(1 − p0 − p1)f0(t), if t ̸= 0.

The parameter estimates, considering the maxi-
mum likelihood method, in the context of survival analysis,
with the presence of zero inflation and cure rate, are found
by maximizing the likelihood function given by:

Bueno, M. V. , Rossi, R. M. , Peres, M. V. O. 4
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Table 3 – Estimates of the parameters of the considered distributions.

Distribution (Parameters) Estimates (Standard Error) AIC
ZCW(p0, p1, τ , α) 0.015 0.747 0.435 989.606 7,641.44

(0.001) (0.020) (0.017) (1.438)

ZCBXII(p0, p1, θ, α, γ) 0.013 0.567 1.202 1.466 0.028 7,650.73
(0.001) (0.039) (0.312) (0.153) (0.003)

ZCLN(p0, p1, µ, σ) 0.015 0.674 7.343 3.976 7,617.01
(0.002) (0.087) (1.168) (0.403)

ZCBW(p0, p1, λ, α, β, γ) 0.040 0.596 0.990 0.863 0.035 0.420 7,769.48
0.004 0.087 0.142 0.327 0.013 0.103

ZCKW(p0, p1, τ , α, λ, φ) 0.015 0.725 0.411 0.081 1.524 0.018 7,631.06
(0.001) (0.052) (<0.001) (<0.001) (<0.001) (0.005)

ZCKGG(p0, p1, τ , α, λ, φ, k) 0.015 0.709 0.303 0.024 16.041 0.030 0.696 7,596.49
(0.002) (0.054) (0.004) (0.002) (0.005) (0.007) (0.003)

ZCKBXII(p0.p1.λ.β.α.γ.θ) 0.014 0.583 1.351 0.081 1.124 0.394 0.285 7,684.43
(0.002) (0.035) (0.160) (0.009) (0.090) (0.040) (0.056)

ZCEPWG(p0.p1.α.β.λ.γ) 0.015 0.646 0.104 1.291 0.0820 0.720 7,617.64
(0.002) (0.090) (0.040) (0.186) (0.402) (0.138)

L(p0, p1, D, ϕ) =
∏

i:ti=0

p0

∏
i:ti>0

[(1 − p0 − p1)f0(ti|ϕ)]δi [p1 + (1 − p1 − p0)S0(ti|ϕ)]1−δ1 ,

where ϕ is the parameter vector, D = {ti, δi},
such that δi = 1 indicates an observation that presented
the event of interest and δi = 0 indicates censoring.

The data analyzed in this paper come from an
epidemiological study presented by Werle (2021). The
database originally contains information regarding 9,021
individuals diagnosed with HIV/AIDS in the state of Mato
Grosso do Sul, Brazil, observed between 2009 and 2018.
We removed 4,263 observations that contained missing
values, so the data set used contained observations from
4,758 patients. The study originated from data that com-
plied with the national and international norms of ethics in
research with human beings, and was approved with reg-
ister number 3.789.678. In the present study, the National
Health Council (CNS) and National Research Ethics Com-
mittee (CONEP) review based on Resolution 466/2012
CEP-CONEP is waived.

After estimating the parameters of the models,
done with the R statistical environment (R Core Team,
2022), the best one was selected based on Akaike’s cri-
terion (AIC). In addition, the Cox e Snell (1968) residuals
were used to check the quality of the fit, where, according
to Lawless (2003), for the model to present an adequate
fit, the Cox-Snell residuals should follow a standard Expo-
nential distribution.

RESULTS AND DISCUSSION

Considering HIV/AIDS data set, in Table 2 is
shown a descriptive summary of the explanatory variables
considered is presented, as well as absolute and relative
frequencies, and the proportion of censoring. The table re-
veals a substantial percentage of censoring across all vari-
ables. Additionally, there is a significant number of zero
survival times, justifying the use of the zero-inflated sur-
vival model. Furthermore, it is evident that the RMST dif-
fers significantly for each category of the variables, indi-
cating that these covariates may have a significant impact
on patients’ survival time. The high percentage of censor-
ing is directly linked to treatment advancements, enabling
a larger number of individuals with illness to avoid experi-
encing the event under study (in this case, death due to
HIV/AIDS).

The presence of the cure rate is observed in the
data through the Kaplan-Meier estimates (Figure 1). Note
that it is not possible to observe a drop in the KM plot,
and there is still a noticeable plateau trend at the far right
of the graph. The TTT chart (Figure 1) indicates that the
hazard function presents decreasing behavior.

The parameter estimates for the distributions
considered (with the addition of the zeros inflation and
cure rate parameters, indicated by ZC before the acronym
of the distribution), as well as the AIC, are presented in Ta-
ble 3, indicating that the ZCKGG model was the most suit-
able for the representation of the data, since it presented
the lowest value for the AIC (7,596.49). Furthermore, the

Bueno, M. V. , Rossi, R. M. , Peres, M. V. O. 5
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Figure 2 – Comparison between empirical and adjusted survival curves, and comparison between Cox-Snell residuals
and cumulative hazard function, respectively.
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KGG distribution has support for decreasing hazard func-
tion, as was observed in the behavior of the TTT-plot (Fig-
ure 1).

Several papers using zeros-inflated or cure rate
data can be found in the literature, such as in Calsavara
et al. (2019), where the defective Gompertz and inverse
Gaussian models with zero inflation are introduced, and
Moraes, Previdelli e Silva (2021) present a modeling
for the cure rate considering a Weibull model, under a
Bayesian perspective, for breast cancer data observed be-
tween 2004 and 2016 in Paraná, Brazil.

In particular, for data from HIV-infected patients,
an example of work using cure rate can be seen in Freitas
et al. (2021), where an application of a parametric Weibull
Discrete Exponential survival model with cure rate is pre-
sented using frequentist and Bayesian approaches.

Some applications using both approaches can
be seen in Júnior, Moreira e Louzada (2017) for credit risk
data, in Souza et al. (2021) for invasive cervical cancer
data, among others.

After choosing the best distribution for the data,
a comparison was made between the adjusted and em-
pirical survival function (by Kaplan-Meier), and between
the Cox-Snell residuals and the cumulative risk function.
Observation of these two graphical representations indi-
cates that the adjusted model is (satisfactorily) adequate
to describe the data covered (Figure 2).

To build the ZCKGG regression model, we pro-
posed to add the vector of parameters (β) associated with
the explanatory variables in parameter φ, one of the four
shape parameters (τ , λ, φ, k) of the distribution. Thus, the
regression model is given by:

f(t) = (1 − p0 − p1) λφ(x′β)τ
αΓ(k)

(
t

α

)kτ−1
exp

[
−

(
t

α

)τ ] {
γ1

[
k,

(
t

α

)τ ]}λ−1
×

(
1 −

{
γ1

[
k,

(
t

α

)τ ]}λ
)φ(x′β)−1

,

where φ(x′β) = exp(β0 +β1x1 +β2x2 +. . .+βpxp), which
xp represents the p-th explanatory variable.

To build the regression model, it was decided to
remove the variables related to the mode of virus infection

that were part of the model indicated by (WERLE, 2021),
due to strong with relationship with other variables or that
did not show improvement in the parametric regression
model. The parameter estimates for the ZCKGG regres-
sion model are shown in Table 4.
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Table 4 – Parameter estimates (and standard error) of regression models.

Parameter Classes Model
ZCKGG ZKGG

p0 - 0.0151 0.0126
(0.0018) (0.0015)

p1 - 0.6316 -
( 0.1431)

τ - 0.1750 0.1657
(0.5138) (0.0152)

α - 0.8571 3.0047
(1.2255) (0.7987)

λ - 5.0539 1.3489
(2.6459) (0.1364)

k - 1.0096 1.3963
(1.9157) (0.1529)

β0 - -1.7556 -2.5603
(9.1419) (0.287)

β1: Sex Male - -
Female -0.3097 -1.8194

(0.1301) (0.1584)

β2: Race White - -
Non-white 0.2442 0.2352

(0.1217) (0.0978)

β3: Education (years) > 8 - -
≤ 8 0.6916 0.5748

(0.1404) (0.1031)
AIC 7,582.74 7,887.34

In order to verify the suitability of the explanatory
variables separately to the ZCKGG model, comparisons
between the empirical survival curve (via Kaplan-Meier)
and the one estimated via regression models were con-
structed (Figure 3).

To verify the importance of the cure rate parame-
ter, a new KGG (Kumaraswamy Generalized Gamma) re-
gression model was constructed, incorporating only zero
inflation (ZKGG), which estimates are also presented in
Table 4. The AIC value is favorable, as it is the lowest
value, to the model with the cure rate (AIC = 7,582.45)
compared to the second model (AIC = 7,887.34). By re-
placing the parameter estimates in the regression mod-
els, in both, female gender was associated with longer
survival, while non-white race and education of 8 years
or less were associated with shorter survival.

The effects of the explanatory variables sex, race
and education coincide with those presented by the Cox
regression model presented by Müller e Borges (2020),
for HIV/AIDS data for the Region of Campos Gerais (PR),
Brazil.

Considering the AIC values we can state that
there is evidence that the model with cure rate is more ap-
propriate to model these data, thus providing an estimate
of the proportion of individuals who will not experience the
event of interest, interpreted by the parameter p1. Thus,
according to the ZCKGG models, with and without ex-
planatory variables, the proportion of individuals who will

not die from HIV/AIDS in the state of Mato Grosso do Sul
are 63.16% and 70.90%, respectively. This high propor-
tion is believed to be due to the advances in medicine de-
veloped for the treatment of HIV/AIDS in recent decades.
Furthermore, the use of the cure rate parameter for the
data discussed, as expected, goes against some work in
the literature, such as in Varshney et al. (2018) and Freitas
et al. (2021).

Once the best regression model (ZCKGG) was
chosen, Cox-Snell residuals were constructed to check
the quality of the model fit (Figure 4). Although some
points showed different behavior than expected, the
graphical interpretation of the residuals indicates an ac-
ceptable model due to the complexity of the modeling.

Wald’s test, built via the maxLik package (HEN-
NINGSEN; TOOMET, 2011) to verify the significance of
the explanatory variables present in the final model, at
the 5% significance level, whose null hypothesis is that
the parameter estimate is equal to 0, indicates that only
the intercept (β0) was not marginally significant among
the explanatory variables in the ZCKGG regression model
(Table 5). In this model, α is the scale parameter andτ , λ,
k, and φ(x′β) = exp{β0 + β1x1 + β2x2 + β3x3} are re-
sponsible for modeling the form of the survival function.

Bueno, M. V. , Rossi, R. M. , Peres, M. V. O. 7
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Figure 3 – Comparisons between Kaplan-Meier curves and the estimated survival function are made for each regres-
sion model, based on explanatory variables.
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Table 5 – Wald test for the significance of the explanatory
variables of the ZCKGG regression model.

Parameter Statistics test Value p
β0 -0.192 0.8477
β1 -2.381 0.0173
β2 2.007 0.0448
β3 4.927 8.36 ×10−7

The zero-inflation parameter (p0 = 0.0151)gives
the probability (approximately 1.51%) that individuals will
present with the event of interest zero weeks after diag-
nosis. The cure rate parameter (p1 = 0.6316) indicates
that 63.16% of the study population will not experience
the event of interest. Possibly, this high proportion is due
to the fact that the individuals maintained their treatment
correctly after the HIV-positive diagnosis.

CONCLUSION

Among the probabilistic models assessed, the
Generalized Gamma Kumaraswamy distribution with cure
rate and zero inflation was the most suitable to repre-
sent the data. Furthermore, comparisons between the re-
gression models with and without the cure rate parameter
show that the presence of the cure rate resulted in a bet-
ter fit, corroborating with the survival curve estimated via
Kaplan-Meier.

The identification of groups with shorter survival
time may help in future policies of prevention and early
diagnosis for these groups, aiming to prevent possible
deaths or cases of evolution of the viral infection.
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Figure 4 – Cox-Snell residual analysis for the ZCKGG regression model.
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