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ABSTRACT
We shall apply a generalized SEIR model to study the outbreak of
COVID-19 in Brazil. In particular, we would like to explain the pro-
jections of the increase in the level of infection over a long period
of time, overlapping large local outbreaks in the most populous
states in the country. A time-dependent dynamic SEIR model in-
spired in a model previously used during the outbreak in China
was used to analyses the time trajectories of infected, recovered,
and deaths. The model has parameters that vary with time and
are fitted considering a nonlinear least-squares method. The sim-
ulations starting from April 8, 2020, concluded that the time for a
peak in Brazil will be in July 21, 2020 with total cumulative in-
fected cases around 982K people; in addition, an estimated total
death case will reach to 192K in the end. Besides that, Brazil
will reach a peak in terms of daily new infected cases and death
cases around the middle of July with 50K cases of infected and
almost 6.0K daily deaths.

Keywords: Epidemic Model, Covid-19, SEIR model, Analysis in

Brazil.

RESUMO

Aplicaremos um modelo SEIR generalizado para estu-
dar o surto de COVID-19 no Brasil. Em particular, gostaríamos
de explicar as projeções de aumento do nível de infecção em
um longo período de tempo, sobrepondo grandes surtos locais
nos estados mais populosos do país. Foi usado um modelo SEIR
dinâmico dependente do tempo inspirado em um modelo usado
anteriormente durante o surto na China para analisar as tra-
jetórias temporais de infectados, recuperados e mortes. O mod-
elo tem parâmetros que variam com o tempo e são ajustados
considerando um método não linear de mínimos quadrados. As
simulações iniciadas de 8 de abril de 2020, concluiu que o tempo

para um pico no Brasil será em 21 de julho de 2020 com total ca-
sos infectados cumulativos em torno de 982 mil pessoas; além
disso, um total estimado de casos de morte atingirá para 192K no
final. Além disso, o Brasil atingirá um pico em termos de novos
casos diários de infectados e casos de morte em meados de
julho, com 50 mil casos de infectados e quase 6,0 mil mortes
diárias.

Palavras-chave: Modelo epidemiológico, Covid-19, Modelo

SEIR, Análise no Brasil.

Sumário

Sumário . . . . . . . . . . . . . . . . . . . . . . . 1
Introduction . . . . . . . . . . . . . . . . . . . . . 2
Model and Methods . . . . . . . . . . . . . . . . 2

SEIRDP model . . . . . . . . . . . . . . . . . 2
Results . . . . . . . . . . . . . . . . . . . . . . . 3

Prediction of Time evolution of COVID-19 for
Brazil . . . . . . . . . . . . . . . . . . . . 3

Prediction of Time evolution of COVID-19 for
São Paulo state . . . . . . . . . . . . . . 4

Prediction of Time evolution of COVID-19 for Ce-
ará state . . . . . . . . . . . . . . . . . . 6

Prediction of Time evolution of COVID-19 for
Rio de Janeiro state . . . . . . . . . . . . 7

Prediction of time evolution of COVID-19 for
other states . . . . . . . . . . . . . . . . 8

Discussions and Conclusions . . . . . . . . . . . . 8

*Suzete Maria Silva Afonso. Universidade Estadual Paulista (UNESP), Instituto de Geociências e Ciências Exatas, 13506-900,
Rio Claro-SP, Brasil. She has Mathematics Graduation in Universidade Federal Fluminense (2007), Master in Mathematics from
Universidade Federal Fluminense (2008), Ph. ) and is a full professor at the Universidade Estadual Paulista “Júlio de Mesquita Filho”
(2019). She is currently an Associate Professor at the Universidade Estadual Paulista "Júlio de Mesquita Filho", Campus of Rio Claro,
together with the Department of Mathematics. In addition, she is the coordinator of the Graduate Program in Mathematics at IGCE-
UNESP-R. s.afonso@unesp.br

†Mariana Pinheiro Gomes da Silva. Universidade Federal da Bahia (UFBA). Instituto de Ciências, Tecnologia e Inovação, Centro,
42802-721, Camaçari-BA, Brasil. She holds a degree in Mathematics from the Federal University of Bahia (2003); a Master’s in
Mathematics from the Federal University of Bahia (2007) and a PhD in Mathematics from the Federal University of Rio de Janeiro
(2012). She has experience in Mathematics, with an emphasis on Dynamical Systems. mpgsilva@ufba.br

‡Juarez dos Santos Azevedo. Universidade Federal da Bahia (UFBA). Instituto de Ciências, Tecnologia e Inovação, Centro, 42802-
721, Camaçari-BA, Brasil. He holds a degree in Mathematics from the State University of Feira de Santana (2001), a Masters in
Mathematics from the Federal University of Bahia (2003) and a PhD in Applied Geophysics from the Federal University of Bahia
(2004-2009). He has experience in Probability and Statistics and Numerical Analysis with emphasis on Finite Elements, working mainly
on the following topic: Finite Element Method with uncertainty parameters. jdazevedo@ufba.br

AFONSO, S. M. S. , SILVA, M. P. G. da , AZEVEDO, J. S. 1

https://www3.ufrb.edu.br/seer/index.php/recet/
mailto:s.afonso@unesp.br
mailto:mpgsilva@ufba.br
mailto:jdazevedo@ufba.br


R
Σ

C
Σ

T
Rev

ista
Elet

rôn
ica

deC
iênc

ias
Exa

tas
eTe

cno
lógi

cas
ISSN:
2763-8855

Referências . . . . . . . . . . . . . . . . . . . . . 10

INTRODUCTION

In recent times, COVID-19 has become one of
humanity’s biggest epidemic problems, gaining pandemic
status and, having a significant impact on mortality rates
in both rich and poor countries. The current balance (May
18, 2020) of World Health Organization (WHO) records
that a total of around 5 million people were infected by the
COVID-19 causing 320 thousand deaths (WHO, 2020). In
Brazil, since the identification of the first case of COVID-
19, in February, 2020, approximately 310 thousand cases
of the disease have already been identified and almost 20
thousand deaths (Ministry of Health of Brazil, in the last
epidemiological bulletin at May 18, 2020) (MHB, 2020).
Currently, this epidemic is one of the main public health
problems in the world. The alarming numbers of this epi-
demic have encouraged several authors to work on epi-
demic models that can predict the progress of this dis-
ease.

Some mathematical models are proposed for
studying the spread of viruses among humans, such as
SIR (Susceptible, Infected, Recovered) model (BJÖRN-
STAD; FINKENSTÄDT; GRENFELL, 2002; JI; JIANG,
2014; TODA, 2020; ZHANG; WANG, 2013) and SEIR
(Susceptible, Exposed, Infected, Recovered) model (AN-
DERSON; ANDERSON; MAY, 1992; CHEN et al., 2020;
WEISS, 2013; XIONG; YAN, 2020). The SEIR model de-
rives from the SIR model and require a large amount of
data over time to execute. Here, we follow the adapted
SEIR model developed by Tan and Chen in (TAN; CHEN,
2020), which is the most reliable response to emergency
public health actions and takes into account the popula-
tion exposed to the virus.

More specifically, we use the generalized ver-
sion of the classical SEIR known as SEIRDP (Suscepti-
ble, Exposed, Infected, Recovered, Death, Insusceptible
(P)) which is a particular case of the model proposed by
(PENG et al., 2020). In this model it is possible to include
key epidemic parameters for COVID-19, such as the la-
tent time, infected time, protection rate and time evolution
of the recovery. This allows us to estimate the inflection
point, ending time and total infected cases in Brazil and
its states according to the Ministry of Health of Brazil data.
The data are estimated considering a time window for col-
lecting cure and mortality rates, which provides more ac-
curate information on the evolution of local cases.

The search for a reliable estimate of the number
of infected and deaths is crucial so that public health sys-
tems can act to respond quickly to the needs presented.

For this reason, many studies aim to estimate the con-
tagion curve, the spreading speed and the prediction of
deaths.

Recently, Imperial College (THOMAS et al.,
2020) released a study on the current situation of COVID-
19 in Brazil and estimate that human-to-human transmis-
sion of Sars-CoV-2, virus of the coronavirus family caus-
ing the disease COVID-19, in Brazil averages from 1 to
2.8 people. They use a semi-deterministic Bayesian hier-
archical model that analyzes the impacts of interventions
aimed at restricting the transmission of the virus but it is
not clear how effective these measures were. The model
adopted follows a function of patterns in urban mobility
to estimate deaths, infections, and transmissions. Some
models can also predict the evolution of contaminants in
real-time, such as the IHME (IHME, 2020) with some im-
portant variables such as the transmission rate and the
recovery rate, neither static nor variable over time, which
makes the result very broad and somewhat vague.

Local health policies and actions can also be
taken to mitigate the virus. Some authors have also stud-
ied the impact of lockdown on the spread of the virus
(SHEN et al., 2020). Others, who used these models, con-
sider the study of public policies to mitigate the disease in
specific locations (LI; ZHAO; SUN, 2020). Our simulations
are based on general data from Brazil and where differ-
ent policies have been applied in each state according to
hospital capacity and speed of contamination. In this way,
we focus on responses to general data from Brazil and in
some Brazilian states with a higher rate of cases in order
to assist in medical and political actions.

In this work, we analyzed the case data of
COVID-19 from the states of São Paulo, Rio de Janeiro,
Ceará, Espírito Santo, Bahia, Amazonas, Pará, Pernam-
buco, and Maranhão. To validate our results through the
SEIRDP model, we carefully collect the epidemic data
from the Ministry of Health of Brazil (MHB, 2020) from
April 08th till May 21th, 2020 and studied the approxima-
tion of the observed and computed data considering the
infected, recovered and death cases. Then, we were able
to estimate the parameters that characterize the natural
history of this disease and allows us to investigate the pro-
jection of the epidemic in certain periods.

MODEL AND METHODS

SEIRDP model

The SEIRDP (Susceptible, Exposed, Infected,
Recovered, Death, Insusceptible (P)) model used to an-
alyze the coronavirus epidemic in Brazil has the following
variables:

AFONSO, S. M. S. , SILVA, M. P. G. da , AZEVEDO, J. S. 2
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• S(t): Susceptible population;

• E(t): Population who are exposed to the virus, but
not yet infectious in latent period;

• I(t): Population who get laboratory positive confir-
mation and with infectious capacity;

• R(t): Recovery cases;

• D(t): Death number;

• P (t): Insusceptible cases;

• N = S + P + E + I + R + D is the total population;

• α: Protection rate (include people exposed to the in-
fectious patients and people exposed to the asymp-
tomatic patients);

• β: Infection rate (include exposed people catch
COVID-19, people get COVID-19 with diagnosed
confirmation and people; without symptoms but can
transmit it to others);

• γ−1: Average latent time;

• λ(t): Coefficient used in the time-dependent cure
rate;

• κ(t): Coefficient used in the time-dependent mortal-
ity rate.

The variable described above are related
through the following ODE system:

dS(t)
dt

= −β
S(t)I(t)

N
− αS(t),

dE(t)
dt

= β
S(t)I(t)

N
− γE(t),

dI(t)
dt

= γE(t) − λ(t)I(t) − κ(t)I(t),

dR(t)
dt

= λ(t)I(t),

dD(t)
dt

= κ(t)I(t),

dP (t)
dt

= αS(t).

(1)

The model is time-dependent, because the cure
rate λ(t) and mortality rate κ(t) are analytical functions of
the time defined by

λ(t) = λ0/[1 + exp(−λ1(t − λ2))], (2)

κ(t) = κ0 exp(−κ1t), (3)

respectively, which are fitted according to the number of
cases for t ∈ [t0, tf ], where t0 and tf are the initial and
final periods, respectively.

Equations (2) and (3) indicate that cure rate
or recovery rate λ(t) goes up exponentially toward a

threshold value and the mortality rate κ(t) should be
zero after an infinite time. Moreover, the parameters
{α, β, γ−1, λ(t), κ(t)} were fitted in the least square
sense.

The parameters {α, β, γ−1, λ0, λ1,λ2, κ0(t),
κ1(t)} are computed simultaneously by a nonlinear least-
squares solver (CHEYNET, 2020). We can replace them
in the model (1) and calculate the time-histories of the
different states {S(t), P (t), E(t), I(t), R(t), D(t)}. In this
case, we use the standard fourth–order Runge–Kutta pro-
cess (BURDEN; FAIRES, 2015). For this, the system of
equations is written as a single ODE

dY
dt

= A · Y + F (4)

such that

Y =
[
S(t) E(t) I(t) R(t) D(t) P (t)

]T

,

A =



−α 0 0 0 0 0
0 −γ 0 0 0 0
0 γ −λ(t) − κ(t) 0 0 0
0 0 λ(t) 0 0 0
0 0 κ(t) 0 0 0
α 0 0 0 0 0


,

F = S(t) · I(t) ·
[
− β

N

β

N
0 0 0 0

]T

.

RESULTS

Anchored by the information from the public data
of the Ministry of Health of Brazil (MHB, 2020), we reli-
ably estimate key epidemic parameters and make projec-
tions on the inflection point considering fitted and actual
data. Experiments show the spatial distribution of COVID-
19 cases in Brazil and in some states of the federation,
namely, São Paulo, Ceará, and Rio de Janeiro. These
states stand out for the highest incidence of COVID-19
in Brazil. We also projected cases of COVID-19 in other
states in the country: Espírito Santo, Bahia, Amazonas,
Pará, Pernambuco and Maranhão that had a large num-
ber of confirmed cases in relation to other states in the
federation, about I > 8, 000 each one, according in the
last epidemiological bulletin of Ministry of Health of Brazil
in May 18, 2020.

Prediction of Time evolution of COVID-19 for Brazil

Figure 1a shows the first modeling and the pro-
jection for Brazil from late early April to mid-May 2020
for the currently total, infected, recovery and death cases,
while Figure 1b presents its respective relative error so-
lutions. According to these results we can say that the
model has a good correspondence with the data provided.
This means that the state parameters found by the least-
squares solution should be suitable for projecting future

AFONSO, S. M. S. , SILVA, M. P. G. da , AZEVEDO, J. S. 3
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dates. A test was done with the traditional SEIR and the
results were overestimated (see Figure 1c).

Figure 1

(a) Modeling of the differential SEIRDP model from April 8
to May 21.

(b) The relative mean errors of projection for Brazil be-
tween actual data and SEIRDP model involving cases
of infected, recovered and death.

(c) Modeling of the differential SEIR model from April 8 to
May 21.

Source: The authors

The number of victims is also expected to grow
in the same period. It should be noted that these results
are only predictions based on data and population miti-
gation policies. These results may change as the popula-
tion’s isolation patterns change, as studies in this direction

indicate, (SHEN et al., 2020; LI; ZHAO; SUN, 2020).

In Figure 2a, through the SEIRDP model, we
made the projections in the period from April to August.
According to this model, the infected cases in Brazil will
reach to the peak at middle of July 2020 with about 982K
cases. In this sense, the period also represents the peak
time for medical resources get ready. According to the
Ministry of Health, Brazil has a total of 441,811 hospital
beds distributed in the country’s numerous regions. From
the number of infected, we can see that the public health
system in Brazil may collapse in the middle of June.

Figure 2b and Figure 2c presents daily newly
confirmed infected cases and daily death cases for Brazil
over the same period respectively. The red lines indicate
the actual data and the blue lines are predicted data from
May to early of August 2020. As we can see that the daily
infected cases seem reaching the peak around July 21
with about 55K per day and then start to decrease. We
can see, from Figure 2c, that the daily death is converging
to approximately 6,000 daily deaths without a projection of
decrease in this period.

Prediction of Time evolution of COVID-19 for São
Paulo state

São Paulo is the second metropolis in Latin
America and the main financial, commercial and corpo-
rate center in South America and where the first case
of contamination in Brazil was detected. Currently, São
Paulo concentrates the largest number of infected with the
new Coronavirus.

For São Paulo state, the modeling and relative
errors from the same period of Brazil are shown in Fig-
ure 3. We notice that the modeled curves present a good
approximation with the collected data. In addition, a large
part of the relative errors in infected cases, recovery, and
death cases is below 20%.

AFONSO, S. M. S. , SILVA, M. P. G. da , AZEVEDO, J. S. 4
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Figura 2

(a) Predictions of the differential SEIRDP model for Brazil
fromearly April to final August, 2020.

(b) The daily of infected cases.

(c) Deceased measured and projected for Brazil early April
to mid-August, 2020.

Source: The authors

Figura 3

(a) Modeling of the differential SEIRDP model from April,
08 to May 21, 2020.

(b) The relative mean errors of projection for Brazil from
April 08 to May 21, 2020 between actual data and
SEIRDP model involving cases of infected, recovered
and death.

Source: The authors

In Figure 4a we present an estimate of accumu-
lative infected cases, recovery, and death cases. Projec-
tions show that the currently infected cases will reach
a peak around July 20 close to Brazil, with about 114K
cases. Figure 4b and Figure 4c show the daily confirmed
infected cases and the death cases for São Paulo over the
mentioned period respectively. Estimates show that the
peak will reach in July 20 (about 5K) for daily infected and
converging to 436 daily deaths till August 19, 2020. The
daily and cumulative peak has shown to be very close to
the results obtained in the projection of Brazil.

AFONSO, S. M. S. , SILVA, M. P. G. da , AZEVEDO, J. S. 5
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Figura 4

(a) Predictions of the differential SEIRDP model for São
Paulo state from early April to mid-August, 2020.

(b) The daily of infected cases.

(c) Deceased measured and projected for São Paulo state
early April to mid-August, 2020.

Source: The authors

Prediction of Time evolution of COVID-19 for Ceará
state

Another important study presented is on the
state of Ceará, which recently showed a great increase
in the number of cases.

Figura 5

(a) Predictions of the differential SEIRDP model from April
08 to May 21, 2020.

(b) The relative mean errors of projection for Ceará state
from April 08 to May 21, 2020 between actual data and
SEIRDP model involving cases of infected, recovered
and death.

Source: The authors

For Ceará state, the modeling and relative errors
from the same period of Brazil are shown in Figure 5.
Looking at the curves modeled for Ceará state, we see
that the error curves of infected, recovered and deceased
cases also are oscillating around less than 20% in the pe-
riod from early April to mid-May. Therefore, it is possible
to infer that the SEIRDP model provides a good approxi-
mation of the results with respect to the collected data.

AFONSO, S. M. S. , SILVA, M. P. G. da , AZEVEDO, J. S. 6
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Figura 6

(a) Predictions of the differential SEIRDP model for Ceará
state fromearly April to early August, 2020.

(b) The daily of infected cases.

(c) Deceased measured and projected for Ceará state
early April to early August, 2020.

Source: The authors

In Figure 6a we provide an estimate of accumu-
lative infected cases, recovery and death cases. Projec-
tions show that the currently infected cases will reach a
peak around July 20 with about 80K cases. Figure 6b and
Figure 6c present the daily confirmed infected cases and
the death cases for Ceará over mentioned period, respec-
tively. By the estimates, we can conjecture that the peak
will reach in July 07 (about 1665) for daily infected, con-
verging to 1,000 daily deaths till August 19, 2020.

Prediction of Time evolution of COVID-19 for Rio de
Janeiro state

We also present a more detailed study of the sec-
ond largest state in population of Brazil and the second
state to record cases of contaminated by the new Coron-
avirus which is Rio de Janeiro.

The modeling and projection results from the
same period of Brazil are shown in Figure 7a for infected,
recovered and deaths. The results from April to middle
May bring consistent response. The respective relative er-
rors are shown in Figure 7b.

Figura 7

(a) Predictions of the differential SEIRDP model from
Match 20 to May 17, 2020.

(b) The relative mean errors of projection for Rio de
Janeiro State from April 08 to May 17, 2020 between
actual data and SEIRDP model involving cases of in-
fected, recovered and death.

Source: The authors

AFONSO, S. M. S. , SILVA, M. P. G. da , AZEVEDO, J. S. 7
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Figura 8

(a) Predictions of the differential SEIRDP model for Rio de
Janeiro state fromearly April to early August, 2020.

(b) The daily of infected cases.

(c) Deceased measured and projected for Rio de Janeiro
state early April to mid-August, 2020.

Source: The authors

According to Figure 8a, Rio de Janeiro state
projects that infected cases will reach to the peak around
August 02 with about 191K cases, which is close to pe-
riod of the peak estimation of Brazil. This plot also sug-
gests that the number of deaths will continue with the
same growth trend in the cumulative total if the population
is not subject to new rules of protection. Figure 8b and
Figure 8c show the daily confirmed infected cases, the
death cases and the total accumulative infected cases for

Rio de Janeiro state over mentioned period, respectively.
Rio de Janeiro state will reach the peak around July 21 for
both the daily infected increase (about 9K per day). But
for daily death cases, it will reach the peak of 800 per day
around August 19.

Prediction of time evolution of COVID-19 for other
states

In this study, a time-dependent SEIRDP model
was used to analyze the evolution of currently active, re-
covered and deaths cases in states in Brazil whose in-
fected toll exceeds 8.000 cases actually. The states Es-
pírito Santo, Bahia, Amazonas, Pará, Pernambuco and
Maranhão marked together with São Paulo, Ceará, and
Rio de Janeiro have more than 90 percent of the total fa-
talities in the country. As in previous experiments, theses
projections take into account mitigation and self-protective
measures implemented by the government and the popu-
lation, in the periods given previously.

Figure 9 shows the prediction of infected, recov-
ered, and death from April to early August. According to
this figure, the state of Pernambuco is close to reaching
the peak of patients infected by COVID-19 in mid-June,
giving the authorities time to plan control and mitigation
measures during this period. On the other hand, the num-
ber of deaths maintains a projected growth in all states
considered in this experiment.

DISCUSSIONS AND CONCLUSIONS

We consider an extension of the classical SEIR
model known as SEIRDP with the aim of modeling COVID-
19 epidemics and introduce an estimation algorithm for
Brazil. These parameters are found by applying the least-
squares estimate in order to fit the SEIR differential equa-
tions to the daily and cumulative cases observed by symp-
toms onset. The results revealed that the model (1) pro-
vides a good approximation with respect to the collected
data, since a large part of the relative errors in infected
cases, recovery, and death is below 20%.

It should be noted that we need a reasonable set
of data so that the estimates are more reliable. Figure 10
illustrates how bad can be the prediction if the data set
is too small. The case of Brazil is used in the following
display. Note that the discrepancies are significant when
few points are used to measure the prediction of results,
but these discrepancies tend to reduce as the number of
points increases.

AFONSO, S. M. S. , SILVA, M. P. G. da , AZEVEDO, J. S. 8
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Figura 9 – Predictions of the differential SEIRDP model for Amazonas (AM), Pará (PA), Espirito Santos (ES), Pernam-
buco (PE), Maranhão (MA) and Bahia (BA) fromearly April to early August, 2020.

(a) (b)

(c) (d)

(e) (f)

Source: The authors

AFONSO, S. M. S. , SILVA, M. P. G. da , AZEVEDO, J. S. 9
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Figura 10

Figura 11 – Prediction of the differential SEIRDP model
for Brazil from April-08 to April-10.

Figura 12 – Several predictions of the differential SEIRDP
model for Brazil from April-8 to April-26.

Source: The authors

According to the estimates obtained through the
SEIRDP model, the states of São Paulo, Ceará, Ama-
zonas, Maranhão, Espírito Santo, Pará and Bahia will
reach to the peak of patients infected in mid-July, while
Rio de Janeiro in early august. In addition, the daily num-
ber of deaths projects growth until August 19, 2020.

It is worth mentioning that the first cases were di-
agnosed in the country, suspected cases, and those who
had contacts with confirmed cases were tested. Due to
the large scale of contamination and low testing capacity,
the Ministry of Health started to recommend since mid-
March that in places with community transmission only se-
rious cases should be tested. Consequently, many cases
of coronavirus may have been under reported, underes-
timating the results of the model. Another intrinsic prob-
lem raised by this study was the delay between the oc-
currences of deaths and their recording in official data re-
leased by the Ministry of Health. Unfortunately, in some
states, much information arrived late, this can compro-
mise the projection results. Despite these problems, we
hope that the estimates obtained will minimize the influ-
ence of Coronavirus in Brazil, especially in large urban

centers whose probability of accumulating serious cases
in the short term is high.
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